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An Individual Welfare Maximization Algorithm
for Electricity Markets

James D. WebeMember, IEEEand Thomas J. Overby8enior Member, IEEE

Abstract—An algorithm that allows a market participant
to maximize its individual welfare in electricity spot markets
is presented. The use of the algorithm in determining market
equilibrium points, called Nash equilibria, is demonstrated. The
start of the algorithm is a spot market model that uses the optimal
power flow (OPF), with a full representation of the transmission Prin =
system and inclusion of consumer bidding. The algorithm utilizes
price and dispatch sensitivities, available from the Hessian matrix
and gradient of the OPF, to help determine an optimal change in o
an individual's bid. The algorithm is shown to be successful in Fig- 1. Consumer and supplier bid curves.
determining local welfare maxima, and the prospects for scaling
the algorithm up to realistically sized systems are very good. Nash . L . .
equilibria are investigated assuming all participants attempt to ately induce congestion in order to raise prices [4], [5]. The re-
maximize their individual welfare. This is done by iteratively ~Centwave of mergers and proposed mergers in the U.S. requires

solving the individual welfare maximization algorithm until all  thatregulators have access to tools to assess the potential for this
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individuals stop modifying their bids. type of manipulation. FERCs need for such a tool is described
Index Terms—Economics, markets, Nash equilibrium, optimal  in its Order 592 “Policy Statement on Utility Mergers” in De-
power flow (OPF), power systems, welfare maximization. cember of 1996 [6], and its formal adoption of the Department

of Justice/Federal Trade Commission (DOJ/FTC) Horizontal
Merger Guidelines [7]. Both the DOJ and the FERC, in a recent
proposed rule-making, explicitly stated a desire for computer

LECTRICITY markets throughout the world are develmodels [8].

oping that have the structure of a power pool. Theselt is also shown that the algorithm can be used to model
pools take bids from market participants and use spot pricigige behavior of welfare maximizing market individuals. With
theory to determine the market prices. Examples includlis ability, game theoretic concepts such as market equilibrium
Australia [1], Argentina [1], the PIM Interconnection [2], anghoints can be investigated as was done in [9]. Market equilib-
the New England Power Pool [3]. In PJM, spot prices aigum points were found in [9] by iteratively solving the indi-
calledlocational marginal prices (LMPs)Participants in these vidual welfare maximization problem for each market partici-
markets need tools that allow them to determine their optimg&nt until bids became constant. A similar technique is used in
bidding behavior. This paper develops a new algorithm basgeghjunction with the new individual welfare maximization and
on Newton’s method for use in maximizing an individual'sesults are encouraging.
welfare. This algorithm is shown to be successful on several
sample systems, and the prospects of scaling the algorithm up
to systems of realistic size appear very good.

Applications of a welfare maximization tool would be varied.
For market participants the presence of transmission congestioithe setup of the electricity market simulation from [4], [10],
presents opportunities to sell generation into subdivided markgt4] is used, and is briefly summarized here for convenience.
in which local demand is high and the number of sellers lowlarket suppliers submit bids that consist of MW outputs, along
Tools are needed to help market participants devise optimal bigith associated prices. These supplier bids are increasing func-
ding strategies. Conversely, regulators such as U.S. Federal fions. Market consumers submit bids that consist of MW de-
ergy Regulatory Commission (FERC), the U.S. Department ofands, along with associated prices. These consumer bids are
Justice (DOJ), and the state regulatory commissions need tadeereasing functions. Example bid functions for suppliers and
vigilant against anticompetitive acts by market participants. Foonsumers are shown in Fig. 1.
example, if a particular entity owns sufficient generation it may For the market simulation, these bids are treated as the mar-
be possible to manipulate the market in such a way as to delibginal cost or benefit of the bidder. The bids are then taken as

inputs to an optimal power flow (OPF) that maximizes social
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I. INTRODUCTION

[I. ELECTRICITY MARKET SETUP USING
OPTIMAL POWER FLOW (OPF)

0885-8950/02$17.00 © 2002 IEEE



WEBER AND OVERBYE: INDIVIDUAL WELFARE MAXIMIZATION ALGORITHM 591

Price =p Note f(s, d, A) is not an explicit function of its bid variable
R orginl k. However,f is an implicit function ofk sinces, d, and are
KPmar Benefit Curve all determined by an OPF solution which is a functiorkof

% True Marginal
i Cost Curve

Assuming the individual has some estimate of what other
market individuals are going to bid, the individual's goal is to
Supply Bid Demand Bid maximize its welfare by choosing a bid which is the best re-

[MW] (MW] sponse to the other individuals’ bids. As a result, the maxi-
mization of an individual's welfare forms a nested optimization
problem where the individual maximizes its welfare subject to

an OPF solution which maximizes social welfare based on all
their node, and the consumers are charged the spot price. A tliits in the market

ough treatment of the mathematics involved in integrating bids max  f(s, d, \)
into the OPF formulation is provided in [10]. K T

Fig. 2. Bidding variation for supply and demand.

st. (s, d, A) are determined by

I1l. INDIVIDUAL PLAYER OPTIMIZATION PROBLEM max  Bjua(d, k) — Cinals, k) )
X, S,
Market participants should not be restricted to either a single +Beomp(d) = Ceomp(s)
generator or a single load. Any combination of several genera- h(x,s,d)=0
tors and loads could constitute an economic entity. Therefore, st g(x,s,d) <0

the wordindividual is defined as a set of supplies and demands

whose bidding is controlled by a single entity. This section giihereBina(d, k) andCina(s, k) are the benefit and cost func-
velops an algorithm for determining a bid that maximizes ind ions of the consumers and suppliers that the individual controls;
vidual welfare Beomp(d) and C,.,p(s) are the estimates of the benefit and

For this paper, bids are restricted to linear functions, and t SSt functions that the in_dividu_al’s competitors will submit as
variation of this function is limited to varying a single paramet Ids;x is the state vector including system voltages and angles;

 for each consumer or supplier as shown in Fig. 2. Paramefif: S 4) are equality constraints such as the power flow equa-
k varies the bid from the true marginal curve. The supply bi ns, and(x, s, d) are mgquahty constraints such as [ine flow
reflecting true marginal cost i8(s) = s/m, + puin, While limits. Thus, the total societal benefit used by the OPF mgrket
for the consume(d) = —d/mg + pmax IS the true marginal model is5(d) - Bina(d, ) + Beomyp(d), and the total soci-
benefit bid. etal cost used i€'(s, k) = Cina(s, k) + Ceomp(s).

While this limits market behavior, [11] shows that the shape
of this curve is notimportant to the individual for a single market
solution. Note that modifying a bid this way is the same as Aniterative approach is proposed for solving (2) to determine
multiplying the cost or benefit function used in the OPFAy k [11]. The following is a brief summary of this.

C(s) = k(bs + ¢s?) and B(d) = k(bd — cd?) [10].

IV. SOLUTION METHOD BY ITERATIVE MEANS

An individual wants to maximize the total welfare of all conAlgorithm; Preliminary Individual Welfare
sumers and suppliers it controls. A consumer’s welfare is théaximization
amount of benefit received from using the power, minus the ekx- Choose an initial guess for vector k.

penses incurred in purchasing it. Similarly, a supplier's welfatgd  Solve the OPF maximization of social
is defined as the amount of revenue received from selling thewelfare given the individual’'s assump-

power, minus the cost of supplying it tion of other individual's bids and the
individual's guess at its own vector k.
f(s,d, A) = Z [Bi(d:) — Aidi ] 3. Use (3) to determine a step direction
il:conm{ollcd E;;;: E;p::r;es for vector k.
) o N 4. If  |knew — Kkowa|| is below some tolerance,
+co,§m[_‘ i(si) + L%, ] then stop; else go back to step 2.
supplies Costs Revenues
= (—-d¥Cqd + Bjd) Thus, the algorithm begins with an initial guesskofNext,
Bomfite the OPF problem is solved assuming the specitiethen, from
— (ATd) —(sTCss+BTs)+ (\Ts) (1) the !nformqt]o_n avallaple.at th!s QPF_squtmn, the individual's
NI N S . R N~ profit sensitivity to variations in its bid can be used to deter-
Expenses Costs Revenues mine a Newton-step that improves profits. This Newton-step is
defined the customary way as
where
C4 andC; diagonal matrices of quadratic coefficients for o f -1 af
i i i . knew = kold — | a5 e . (3)
cost functions and benefit functions; Ik2 K |,
Bas andB; vectors of linear coefficients for supply cost d otd

functions and demand benefit functionsThe evaluation of (3) requires determining f/0k? and
respectively. df /9k. These can be shown to be functions of the Hessian and
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Welfare Note tha)? f /0k? is negative definite. Furthermore, the only
Limited value > < Lagrange multiplier derivative in (5) that is not discussed in [11]dg,,/dk. This
approaches limit approaches zero derivative can be readily calculated using the chain rule

agrn _ @ agrn ﬁ agrn a_x agrn

= . 6
gk dk dd ~ IJk Js dk Ix ©)
K Increasing > While adding another ma_xi_mizat_io_n problem as an OL_Jter loop
to the problem may seem difficult, it is not because (5) is a very
Fig. 3. Binding inequality change in one dimension. simple constrained maximization problem. It is a quadratic ob-

jective function with linear inequality constraints: a quadratic

) _ ) .. programming problem. Many very efficient methods for the so-
Lagrange function at the solution of the OPF. This derivation jSion of this problem exist [12] and can be used to quickly solve

fully coyereCQi in [121] and the computational requirements fqpe rohlem described by (5) in a time much faster than the so-
calculatingd” f/9k* anddf /Ok are shown to be very small. | ,ion of the OPF inner loop. Thus, solution time will be largely
ThePreliminary Individual Welfare Maximization Algorithm dependent on the number of OPF iterations needed. With this

is effective as long as the binding inequalities of the OPf;iher development, the new algorithm is proposed.
algorithm do not change. Changes in binding inequalities result

in discontinuities ofdf/dk, which means that the function
f becomes nondifferentiable. A change in binding inequalithlgorithm: Individual Welfare Maximization
however, can be detected from other available informatioh. Choose an initial guess for vector k.
From one side of the nondifferentiable point, the value limited. Solve the OPF maximization of social
by the inequality approaches its limit. From the other side, thewelfare given the individual's assump-
Lagrange multiplier approaches zero. This is shown in Fig. 3. tion of other individuals’ bids and the

If only one bid parameter and one inequality constraint areindividual’s guess at its own vector k.
being considered, the@reliminary Individual Welfare Maxi- 3. Use (5) to determine a step direction
mization Algorithmcould be simply modified so a multiplier ~for vector k.
reduces the step direction determined by (3) if this step dire&- If  ||knew — koa|| is below some toler-
tion will move across a nondifferentiable point. The multiplier ance, then stop; else go back to step 2.
would then bring the answer directly to this nondifferentiable
point [11].

L Examples demonstrating the use of theividual Welfare
In order to extend this idea to the more general case of myl- .~ " : :
. . A ] . aximization Algorithrmare presented throughout the following
tiple bid parameters and binding inequality constraints, con-

sider the origins of the Newton step described in (3). Newtonssecuons. N COI’.lj.un_CtIOI’I W.'th the use of this algorithm in finding
o : . __.economic equilibrium points.
method solves for a function’s zero crossing by approximating
it as a linear function using its present value and derivative. In a
maximization problem, the zero crossing of therivativeof the

objective function is desired; therefore, the objective function is While the Individual Welfare Maximization Algorithris of

V. FINDING A NASH EQUILIBRIUM

inherently modeled as a second-order Taylor series use to market participants, using the algorithm as a model of in-
dividual behavior enables the study of other interesting market
f(knew) = f(Kota + Ak) behavior. For example, the determination of economic equilib-

T Of rium points such as Nash equilibria [13] is of interest.

~ f(koa) + (Ak) K|, Definition: Nash Equilibrium:

1 s Pf o 1) Anindividual looks at its opponents’ behaviors.

+3 (Ak) B (Ak). 4) 2) The individual determines that its best response to its op-
Koy , o . : .
ponents’ behaviors is to continue its present behavior.

3) Thisis true FOR ALL individuals in the market.

To determine a Nash equilibrium thadividual Welfare Max-
imization Algorithmcan be iteratively solved by all individuals
é@til a point is reached where each individual's best response
is to continue with the same vector of bids. A similar iterative
technique for finding Nash equilibria was used in [9], although a

Equation (3) is then derived by solvin@f(k,u +
Ak)/0Ak = 0.

In order to follow the analogy of Fig. 3, thAk that maxi-
mizes (4) without crossing any constraint boundaries is desir
This is determined by solving (5)

o Of 1 r O2f very different individual maximization algorithm was used. The
max  f(koa) +(Ak)" = 45 (Ak)" =5 (Ak)  following algorithm describes this process.
Kota
st (Ak)" % +9m <0 Vgm <0 Algorithm: Find Nash Equilibrium
o O\ 1) Start all individuals with a bid vector
— (Ak) I Ay €0 Vg, =0. (5) E=1.

dk
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B,(d,) = k(- 0.04d,” + 30, 5
2 Optimal Response of Consumer
b= i > to Bids by Supplier
g+jb J206 o S“me‘
U:J v Co‘\ﬂ -
V =1.00 pu Bus One Bus Two V= 1.00 pu 5 " \0‘5@5 P e
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= § UV
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Ci(s) = ka(0.015,7 +10s,)  Cy(s,) = k,,(0.015,7 +10s,) - (0.8571, 1.5714)
B.S 0.6 0'.7 0.8 0.9 1

Fig. 4. Two-bus system: Two suppliers and a consumer. Variation of Demand

2) Run the Individual Welfare Maximization Fig. 5. Supplier's and consumer’s optimal responses with no limits.

Algorithm  for each individual. Update

all bids.
3) Continue running this until all indi- ;E 2 e
viduals stop changing their bids. @ 2
‘5 Continuum of Nag
g Equilibria I (0.87, 1.80)
A. Two-Supplier Competition With and Without Constraints ‘%1 i , 3
To demonstrate thieind Nash Equilibrium Algorithmin [11] g /6/
the 2-bus example with two suppliers and one consumer shown P ” (0.6, 1.36)
in Fig. 4 was considered. / ,
Only supplier bidding behavior for this example was consid- 2 < Y 0?7 ois 0i9 )
ered, therefore it assumed the consumer always bids according ' ' Variation of Demand '

to its true benefit function, i.eks. = 1.00. Maintaining the . _ _ o
price-dependent demand is important. Otherwise when a mﬁ‘g. 6. Supplier's and consumer’s optimal responses with 80-MVA limit.
is added to the system, supplier 2 could have part of the constant

load to serve with no competition. The solution for supplier 2 TABLE |
. s e VARIATION OF THE SOLUTION ALONG THE NASH EQUILIBRIUM CONTINUUM

would be to bidk,, equal to infinity, an unreasonable result.

The results in [11] showed that with no transmission con- Line | Priceat | Supply/ |Consumer] Supplier] Cons. Surp
straint, a Nash equilibrium with both suppliers biddihg = ke | ks | Flow |Nodes 1-2| Demand | Surplus | Profit i+ Supp. Prof

=1.15 isted. It I h that thi th I MEA) BMOALL DAL IS (3]
ks = 1.1502 existed. It was also shown that this was the only T3g5zs] 800 | 1560 | 77.79 | 3825 | 8709 | 12532
Nash equilibrium. 1.44]0.70] 80.0 | 1669 | 77.79 | 4600 | 7933 1253.2

When adding in an 80-MVA transmission line constraint 13310.74] 800 | 17.69 | 77.79 | 5376 | 7156 | 12532
2[0.79] §0.0 | 1869 | 77.79 | 6153 | 6379 | 12532

however, it was shown that no pure strategy Nash equilibrium 1751685 800 T 1960 T 7770 | 6930 | 5602 | 12532
existed. This was caused by supplier 2 having a nonconvex 1.79{087] 80.0 | 2069 [ 7779 | 7707 | 4825 | 12532
welfare function that had two local maxima. These results will

be compared to supplier versus consumer competition next.

two supplier competition with a constraint, no equilibrium is
B. Supplier Versus Consumer Competition With No reached using th_E?nd_ Nash_Eq_uiIibrium AIgorithmTo better
Constraints show why no equilibrium point is reached, the optimal response
) S ~curves over all possible bids by each individual are determined.
Now consider the 2-bus example shown in Fig. 4 again, byfese are shown in Fig. 6.
assume supplier 2 is removed, and only supplier 1 and the conyg equilibrium is reached by thgnd Nash Equilibrium Al-
sumer compete by varying their bids. The Nash equilibrium rge ithmbecause the algorithm is bouncing back and forth across
sults in bids off,; = 1.5714 andkqy = 0.8571. A With tWO 5 continuum of Nash equilibria. As shown in Fig. 6, a line of
suppliers competing, without the transmission line constraint i@qmlibrium points exists betwedty, = 0.66/k,, = 1.36 and
cluded the Nash equilibrium is found to be a pure strategy. T@S2 = 0.87/k,; = 1.80. Table | shows the variation of the
algorithm progresses smoothly to its equilibrium. Fig. 5 showsarket solution along the Nash equilibrium continuum.
a complete solution to the problem with the optimal responsetq ynderstand what is occurring, consider the case when
of each participant to any possible bid by the other. The poiggih supplier and consumer submit bids according to their true
where the two curves in Fig. 5 meet is the Nash equilibriugenefit and cost functions, i.ek,; = 1.00 andkgy = 1.00.
point. The market solution for these bids is a supplier node 1 price of
» ] ) 11.56 $/MWh and a consumer node 2 price of 23.33 $/MWh,
C. Generator and Demand Competition With Constraints  \yhjle 77.79 MW are exchanged between them. The difference
Again, it is instructive to look at the same example, but witln nodal prices results in a transmission rent collected by the
the addition of a transmission constraint. Analysis is done wigfool operator of (77.79 MW)23.33 — 11.56 $/MWh) =
the consumer and supplier 1 competing against one anotBé7.1 $/h. Thus, a huge amount of money is being wasted
while an 80—-MVA transmission line limit is enforced. As withas transmission rent due to the transmission line constraint.
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BoAMW_IGSMW  EAMW  6SMW S TABLE I
b 4664 580W0 6564 SMWK Q] [PE—. COST AND BENEFIT EQUATION COEFFICIENT FORILLUSTRATIVE EXAMPLE
i - IBIMW  1668MW 4 ¥ 4
(@ - Supplier b Supplier ¢ Consumer b Consumer ¢
) Mt Bus Coefficient [ Coefficient [ Coefficient Coefficient
“ . 1(A) 18 0.05 30 0.10
‘ t 2 (B) 18 0.05 80 -0.10
o 3(0) 21 0.07 80 -0.10
e ¥ 3% 4 (D) 21 0.07 80 -0.10
G 7_1 FE bacsismwm . :“‘“ R 5 (E) 21 0.07 30 -0.10
Viessmw @ ? 6 (F) 21 0.07 80 -0.10
AMW 1832MW 1668 MW \ 1832MW ) r 1605 MW 7 (G) 17 0.05 30 0.10
; % b “?N‘.,/ 8 (H) 0 0.10 440 -0.50
¥ ot o - EX0) 30 0.07 440 -0.50
Ws v 9
v \j
22MW  IIAMW 1BIMW WAMW

and 8 have a combined profit of $4394.06¢h$5439.29/h=
$9833.29/h. Also note that the flow on the transmission line
from bus 7 to bus 8 is 189.5 VA.

An intelligent supplier and consumer would find a way to Now, assume that all the consumers in this market are fringe

mitigate this expense and come up with a manner in whi@atrticipants and exercise no strategic bidding behavior, i.e., they
this transmission rent could be split between the two parti@yvays submit offers representative of their true marginal ben-
instead of sending it to the pool operator. The profit, surplugfit curve. Assume that all the suppliers, however, do exhibit
and transmission rent are summarized as follows: strategic bidding behavior and will modify their bids in hopes
1) consumer surplus: 285.6 $/h; of increasing their individual welfare.
2) supplier profit: 60.5 $/h: NOW suppose suppliers 7 a_nd 8 collude with 'Fhe hop_es qf in-
3) transmission rent: 907.1 $/h: creasing their combined profits. Both could raise their prices
4) total: 1253.2%/h. slightly hoping to increase profit. Looking at Fig. 7, however,

: _ope notices that the line between buses 7 and 8 is loaded at 95%
Note that the total of consumer surplus, supplier profit, argf

. . X i its limit. As aresult, suppliers 7 and 8 might also consider col-
transmission rent is the same as the sum of supplier profit aq

| | he Nash ibri , ing to overload this line, thus increasing the price which sup-
consumer surpius along the Nash equilibrium continuum (§ fler 8 will receive for its power. To do this, supplier 7 will have

Table 1). Thus, the continuum of Nash equilibrium shown i lower its price and reduce its profit with the understanding

F',g' 6 represen'ts "?‘" the different ways the consumer qnd StiRat supplier 8 can increase its price and profit because of the
plier can submit bids in a manner which results in a dispat

| h ission line fimit. th idi verload. In order to force tHadividual Welfare Maximization
exactly at the transmission line limit, thus avoiding any trani’lgorithminto the region of parameter space which contains the

mission rent penalty dug oa difference in noda] prices. Thher anticipated local maximum, the bid of supplier 8 is set to
continuum of Nash equilibria represents all the different wa)ks8 — 2.0. Then, the algorithm is run again resulting in conver-
to split the transmission rent between the consumer and sgre-nce .to. anoth,er local maximum

plier. The continuum of Nash equilibria represents the ability Both of these scenarios are considered. andideidual

a competitive market to determine the best way to utilize SCaNGR(fare Maximization Algorithnis solved for each supplier
transmission resources.

(with suppliers 7 and 8 acting together) until Nash equilibria are
reached. Different Nash equilibria are found for each scenario.
Each supplier is unable to raise its profit by either lowering or
As mentioned in the introduction, the use of computer modéRising its bid at the equilibrium points.
for helping illustrate market power is of exceptional interest The results at the Nash equilibrium reached when suppliers
to the U.S. Department of Justice as well as state regulatdrand 8 both try to raise prices while suppliers 1-6 and 9 indi-
commissions throughout the U.S. An example offfirel Nash vidually try to maximize welfare are shown in Table II1.
Equilibrium Algorithmused in the role is provided here. Note that suppliers at buses 7 and 8 have a combined profit
Consider the 9-bus electricity system shown in Fig. 7 withf $4824.89/ht $5813.56/h= $10 638.45/h. Also note that the
a supplier and a consumer at each bus. All transmission lirflasv on the transmission line from bus 7 to bus 8 is 190.0 MVA.
have the same characteristies# jz = 0 + j0.1; andC = 0), In this scenario the prices increase to $48.51/MWh. This is in
and the actual cost curves and benefit curves for the suppligrerease of 4.0% above the $46.64/MWh seen when all supplier
and consumers are of the form consumer berefiB;(d;) = bid their marginal cost.
b;d; + c;d? and supplier cost C;(s;) = b;s; + ¢;s? with the Results for the Nash equilibrium when suppliers 7 and 8 col-
coefficientsb and¢, as shown in Table 1. lude to try and overload the transmission line between buses
As a reference point, the bids corresponding to true margirvaind 8 are shown in Table IV.
benefit and welfare from all consumers and suppliers areNote that suppliers at buses 7 and 8 have a combined profit
assumed, and the OPF that maximizes social welfare is solvefi$4397.38/h4 $6979.01/h= $11 376.39/h. The flow on the
The results are those shown in Fig. 7 with a market priceansmission line from bus 7 to bus 8 is at its limit of 200 MVA.
of $46.64/MWh throughout the system. Suppliers at busesComparing Tables Ill and 1V, suppliers 7 and 8 are able to

Fig. 7. Nine-bus electricity market.

D. Example 9-Bus System lllustrating Market Power
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TABLE I
NASH EQUILIBRIUM RESULTSWHEN SUPPLIERS7 AND 8 BOTH RAISE PRICES
Bus Price Supplier Supplier | Consumer | Consumer
[$/MWh] | Gen [MW] | Profit [$/h] | Dem [MW] | Surplus [$/h]
1 48.51 275.8 4,612.36 1574 2,478.55 ©
2 48.51 275.8 4,612.36 157.4 2,478.55 E
3 48.51 183.0 2,690.69 1574 2,478.55 =z
4 48.51 183.0 2,690.69 157.4 2,478.55 g
5 48.51 183.0 2,690.69 1574 2,478.55 0
6 48.51 183.0 2,690.69 1574 2,478.55 2
7 48.51 262.1 4,824.89 1574 2,478.55 -%
8 48.51 216.1 5,813.56 391.5 76,630.97 s
9 48.51 123.1 1,218.26 391.5 76,630.97 >
Totals 1885.0 31,844.19 1885.0 170,611.81
1.4 15
TABLE IV Variation of Supply Bid 7

NASH EQUILIBRIUM WHEN SUPPLIERS7 AND 8 TRY TO OVERLOAD A LINE
Fig. 8. Contour plots of combined profit of supplier 7 and 8.

Bus Price Supplier Supplier | Consumer | Consumer
[$/MWHh] | Gen [MW] | Profit [$/h] | Dem [MW] | Surplus [$/h]
1 4720 | 24292 | 414322 | 163.99 2,689.30 . . .
T [ 2775 | 25696 | 234199 | 16127 3,600 88 Because of this, the algorithm user could push the bids found for
3 45.38 18848 | 2,861.81 | 153.11 2,344.38 one local optimum into a region of the bidding space that would
4 | 4992 | 19105 | 2,97040 | 15039 | 226183 converge to another anticipated local optimum. Indeed, this is
5 5047 | 19208 | 3,077.19 | 147.67 2,180.65 . . .
3 2002 | 191.03 | 297073 | 15038 3.261.52 exactly what was done in the previous 9-bus example to find
7 46.66 | 29883 | 4239738 | 166.72 2,779.42 the second local maximum. Because of this, the calculus-based
g :;22 g;gf f%ggé ggg;‘i ;géi;ig method will be of some use even without using a more globally
Tonls | 186333 | 3349701 | 186333 | 165.266.80 oriented optimization routine. A global optimization technique,

such as a genetic algorithm (GA), would be useful in finding
bidding strategies that an individual’s experience does not point
increase their combined equilibrium profit from $10 638/h tthem toward.
$11376/h, an increase of 6.9%, when they choose a strategy
of overloading the transmission line. In doing so they increase
the equilibrium prices at buses 8 and 9 to $57.55/MWh and
$52.66/MWh, which are 23.4% and 12.9% above the socialThe Individual Welfare Maximization Algorithmresented
welfare solution price. Thus, there is some concern regardingl be of great use to individual market participants for market
localized market power if suppliers 7 and 8 are to merge. If os@alysis. However, others, such as industry regulators, are
ignores the transmission system, however, and only considenerested in studying market equilibrium behavior. Using
the problem of suppliers 7 and 8 acting to raise prices togethge Individual Welfare Maximization Algorithras a model of
these market power concerns would not be as readily apparéndlividual bidding behavior, the entire market can be simulated

In order to get a better grasp of what timelividual Welfare with individuals modifying their bids with the objective of
Maximization Algorithmis facing, a complete solution to themaximizing welfare. This was done iteratively until equilibrium
problem is performed when all other suppliers Bid= 1.0. points, called Nash equilibria, were reached. This technique
The bid for supplier 7 is then varied between 0.8 and 1.5 whileas shown to be very useful for finding Nash equilibria, as long
varying the bid for supplier 8 between 1.0 and 1.8. Fig. 8 shows they existed. It also highlighted the fact that Nash equilibria
a contour plot of the combined welfare in this region. do not always exist, and that when they do exist they may not

As can be seen by Fig. 8, there are indeed two local maxirba unique.
for the problem separated by a constraint boundary. This con-The newlIndividual Welfare Maximization Algorithrtech-
straint boundary describes the region of the parameter spawue developed is a calculus-based optimization routine. How-
which results in the line between node 7 and 8 being exactyer, it was shown that the individual welfare, even for simple
at its limit of 200 MVA. This example shows that the indi-systems, can be a highly nonconcave function resulting in many
vidual welfare function even for very simple systems resultscal optima. The local optima correspond to the ability of the
in problems with many local optima. This continued remindendividual to manipulate its bidding strategy to take advantage
motivates the investigation of other more globally oriented ojf a system constraint, such as a transmission line constraint.
timization algorithms. While the calculus-based algorithm wiBecause these local optima will correspond to physically under-
be useful in finding a local maxima, it will invariably have dif-standable phenomena, it is hoped that the user dhttigidual
ficulties when trying to find a general global maximum. Welfare Maximization Algorithrwill be able to nudge the ini-

It is of some use, however, because the local maxima whitl guesses of the algorithm into regions that will correspond to
result are due to the physical constraints of the system. The ctrese local optima. This will make the algorithm of use on its
straints in the system that the individual has the ability to mawn; however, a more global optimization routine such as a GA
nipulate will likely be known due to the individual’s experienceis also being investigated.

VI. CONCLUSIONS
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